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Theorem on density of zeros inside the critical strip for the partial sum of Dirichlet series of Riemann zeta-function 
has been proved. 
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1. Introduction. Density theorems are the class of the 
theorems in the number theory which provide upper 
estimate of quantity of zeros of Dirichlet series and the 
Riemann zeta-function. The main theorem of this 
article is connected with an estimate of quantity of 
zeros of the Riemann zeta-function in the rectangle 

is used extensively in the  number theory. As the 
function of real variable it was introduced by L. Euler 
in 1737. He studied its properties and found the 
product decomposition. 

Euler product. Let Re .Then the following 
equation holds 

s 1

Im T  , 
1

Re 1
2

    . 
1

s
p

1
(s) 1

p





   
 

 , 
Density theorems play an important role in 

studying of zero sets of zeta-function and Dirichlet 
series. It provides an estimate of the quantity of zeros 
in a given rectangle inside the critical strip. These 
results are very important for the number theory 
because they allow to understand the structure of the 
distribution of prime numbers. Density theorems are 
the powerful instrument which allows to study the 
behavior of the zeta-function inside the critical strip 
and to solve a lot of related problems. For the first 
time, these theorems  were occurred in the articles of 
Hoheisel. Next important results were obtained by 
Selberg (see [1]), Chudakov, Bombieri (see [2]), 
Titchmarsh (see [3-5]) etc. Density theorems play a 
special role because they help to replace the Riemann 
hypothesis in different problems. 

 
where p  is a prime number. 

Then this function was investigated by Dirichlet. 
For the first time, the zeta-function was connected with 
the distribution law of prime numbers by Chebyshev. 
But the most fundamental properties of the zeta 
function have been discovered by Riemann in 1859. In 
his paper Riemann considered it as the function of 
complex variable, found formula for determination the 
quantity of prime numbers under the given one, 
suggested his popular hypothesis about zeros of the 
zeta-function. 

Riemann hypothesis. All zeros of the Riemann 
zeta-function have real part . Re(s) 1/ 2

The problem of behavior of Riemann zeta-function 
in the critical strip, especially the problem of its zero 
sets, is one of the most difficult and most interesting 
problems of mathematical analysis. Solution of this 
problem is connected with the solution of central  

The Riemann zeta-function 
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Taking into account this property it may be find 
the following formula which helps to prove the main 
theorem. 

problem of analytical number  theory as the 
distribution of prime numbers in a sequence. 

In this article the theorem on the density of zeros 
inside the strip  for the partial sum of 

Dirichlet series has been obtained. 

Res (0,1) Corollary. The following  formula is true 
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2. Formulation of the main result.  

Definition. The partial sum of Dirichlet series of 
the Riemann zeta-function is the function of the form  

It was necessary to get the next result as an 
auxiliary statements. 
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Theorem 3. Let n n i n     be the zeros of the 

function 0(s) , . Then the following estimate is 

valid 

T  2Definition. Let   be a zero of the function 0(s) , 

and let 0 1  , . The functionT  2 0N ( ,T)  is the 

function of the form 
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The following result for the function 0(s)  is 

identical with the correspondent result for the zeta-
function. 

i.e. 0N ( ,T)  is the quantity of zeros of the function 

0(s)  in the rectangle Im T  , Re 1   . 
Corollary. The quantity of zeros n  of the 

function 0(s)  in the domain n0 1  , 

nT T

Theorem 1. If 0.5 1  ,  then the 
following estimate holds 

T N

1    doesn’t exceed . 2c ln N4 (1 ) 2 8
0N ( ,T) cT (ln N) (ln T)   , 

4. Conclusion. It is produce a density theorem for 
partial sum of Riemann zeta-function in the article 
(Theorem 1). This theorem provides an estimate of 
quantity of zeros in the rectangle inside the critical 
strip. 

where  doesn’t depend on  and C 0 T N . 
 
This theorem is similar to the density theorem for 

the zeta function (see [6]). But the function 0(s)  has 

other structure and different properties. So proof of this 
theorem required new ideas. 

Proving the theorem on the function 0(s)  has 

been investigated. It has been obtained some 
interesting results as the location of the zeros of the 
function, the product decomposition etc. 

3. Auxiliary statements. Investigation of the function 

0(s)  gives some interesting results. 

The location of zeros of the function 0(s)  has 

been determined. It is totally different from the location 
of zeros of the zeta function. The Riemann zeta-
function has trivial and non-trivial zeros. The trivial 
zeros are , while the non-trivial zeros 
are located inside the critical strip Re . The 

location of zeros of the function 

s 2, 4, 6...   
s

(s)

(0,1)

0  is described in 

the following lemma. 
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Theorem 2. 0(s)  is an  entire first-order function 

and the following representation is true 
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where n n i n     are zeros of the function 0(s) , 
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